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Full Counting Statistics of Spin Currents
Antonio Di Lorenzo and Yuli V. Nazarov
Department of Nanoscience, Faculty of Applied Sciences,
Delft University of Technology, 2628 CJ Delft The Netherlands
We discuss how to detect fluctuating spin currents and derive full counting statistics of electron
spin transfers. It is interesting to consider several detectors in series that simultaneously monitor
different components of the spins transferred. We have found that in general the statistics of the
measurement outcomes cannot be explained with the projection postulate and essentially depends
on the quantum dynamics of the detectors.
PACS numbers: 05.60.Gg, 72.25.Ba
The detection and statistics of quantum fluctuations
attracts increasingly the attention of the physical com-
munity. The Full Counting Statistics (FCS) [1, 2] of
quantum electron transport provides all possible informa-
tion about fluctuations of electric current in mesoscopic
systems. The FCS has been evaluated for charge trans-
port between superconducting [3] and superconducting-
normal leads [4] by nonequilibrium Green function
method [5]. An approach to FCS of a general variable
presented in [6] allows one to resolve possible inconsis-
tencies that concern the quantum measurement problem
by explicitly incorporating the dynamics of a detector.
There is a strong current interest to new ways to
manipulate, control and measure electron spins in solid
state. This defines the field of spintronics [7] that aims to
gain the same control over spin as one currently has over
charge. This provides a motivation to study the FCS of
spin current. This statistics is of fundamental interest
since different components of spin do not commute, this
makes the problem of corresponding quantum measure-
ment especially relevant.
In this Letter, we propose a realization of a spin current
detector. We derive the FCS of a spin current, originat-
ing from a flow of unpolarized particles, that is measured
by such detector(s). We focus on the cases where two and
three components of the spin current are detected simul-
taneously by two or three detectors in series. Na¨ively,
one could try to describe the FCS of such a combined
measurement by applying the Projection Postulate after
the measurement by each detector. We explicitly demon-
strate that for the case of three detectors the FCS cannot
be explained in such a straightforward way and depends
on quantum dynamics of the central detector.
We consider two-terminal electric circuit where elec-
trons are transferred between the terminals through a
contact. The theory of FCS is elaborated in detail for the
case when this contact can be described in the Landauer-
Bu¨ttiker scattering framework. In fact, our results do
not depend on the type of the contact provided it does
not polarize the spin of electrons transferred, nor such
polarization occurs in the terminals. Thus, all of our re-
sults can be applied as well to neutron sources. Since the
electrons carry spin, the charge transfer between the ter-
minals should be accompanied by spin transfer although
there is no average spin current between the terminals.
Therefore, there are fluctuations of spin current. How to
measure them?
This can be probably done in many ways, for instance,
by exploiting the spin-valve effect [8]. In the present Let-
ter, we concentrate on a different setup proposed and
used in [9] to detect Aharonov-Casher effect [10] for neu-
trons. This setup exploits the fact that a moving mag-
netic dipole generates an electric one [11]. To measure
this, one encloses the two-dimensional current lead be-
tween the plates of a capacitor as shown in Fig. 1. Each
spin moving with velocity v produces a dipole moment
d = g2µB(
v
c × S), g being the gyromagnetic factor, µB
Bohr’s magneton, c the speed of light, and electron spin
S is measured in units of ~/2. This moment induces a
voltage drop V between the plates, which is the detector
read-out, the variable being measured. Since the inter-
action between the dipole moment and electric field E
in the capacitor is Hint = −E · d, the read-out signal is
proportional to spin current in the lead J, V = λn · J,
n being the unit vector perpendicular to the direction of
the current flow and parallel to the plates of the capac-
itor, λ being a proportionality coefficient. The concrete
expression for the latter, λ = g2
Lq
w
µB
Cc , depends on the
capacitance C and geometrical dimensions: the length
of its plates in the direction of the current Lq, and the
distance between the plates w.
The variable canonically conjugated to the read-out
is the charge Q in the capacitor, and the expression for
the interaction in terms of Q contains the same propor-
tionality coefficient λ, Hint = −λQn · J. Our choice of
the detection setup is motivated by the fact that this
detector does not disrupt electron transfers through the
contact and only gives a minimal feedback: the electrons
passing the capacitor in the direction of current acquire
Aharonov-Casher phase shift. This phase shift depends
on spin and is given by ΦAC = λQn ·S/~. This is sim-
ilar to the detection scheme presented in [2] for charges
transferred. A fundamental complication in comparison
with the charge FCS is that in our case the phase shift
2depends on spin, so that even the minimal feedback may
cause the rotation of spin of the electron that passes the
capacitor.
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FIG. 1: The proposed spin current detector. An electron
with velocity v and spin S induces a voltage drop in a ca-
pacitor. The electric field E inside the capacitor produces an
Aharonov-Casher phase shift on the electrons.
It is important to require that charge and spin cur-
rent are the same in the contact and in the detector. To
assure that spin current conserves, neither the length of
the detector Lq nor the distance from detector to contact
should exceed the spin relaxation length. In addition to
this, there should be no spin or charge accumulation be-
tween the contact and the detector. This is always true
for low-frequency fluctuations of charge or spin current.
We will see that the most interesting setup includes
several detectors in series as presented in Fig. 2. It
may also include a charge detector. The spin detectors
can have arbitrary polarization vectors na. This can be
achieved by turning the current lead and the capacitor
plates in different directions. The contact is biased by a
voltage source Vext. Since we assume that the resistance
brought by detectors is much smaller than that of the
contact, the whole voltage drops at the contact and the
contact works as a fluctuating source of (spin) current
measured by (spin) detectors.
Let us compare the detection scheme proposed with the
one used in Stern-Gerlach experiment [12]. In this clas-
sical experiment, an unpolarized beam of spin 1/2 atoms
was split into two sub-beams corresponding to two differ-
ent projections of spin onto an axis set by magnetic field.
The intensities of the beams are then detected, and at
this stage the wave function collapse is said to happen:
the spin projection of each atom detected is with cer-
tainty ±~/2 depending on the beam. If one would force
these atoms to pass the subsequent Stern-Gerlach de-
tectors, the readings of these detectors can be predicted
from this fact.
In our detection scheme, a single detector does the
same as a Stern-Gerlach one: it measures the differ-
ence of numbers of particles passed with spin “up” and
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FIG. 2: The setup considered, in the case of three spin detec-
tors and one charge detector.
“down” with respect to the polarization vector n. What
can we say about the readings of subsequent detectors?
A straightforward assumption would be that the second
detector, like in Stern-Gerlach experiment, measures the
statistical mixture of the states with the certain projec-
tion on the polarization vector of the first detector (the
wave function is ”collapsed” after the first measurement).
We will refer to this assumption as to Projection Postu-
late (PP).
We will explicitly show that it is not what happens in
our detection scheme if there are at least three detectors:
the FCS of readings differs form the one predicted with
using PP. The difference shows up in second and fourth
order cumulants of spin currents, and the fact that the
wave function is not collapsed can be just simply observed
in this way.
We adopt the fully quantum definition of FCS that has
been put forward in [6]. We consider a number of spin
current detectors in series, labelled by index a that in-
creases from the contact to the terminal (Fig. 2), next
to a charge detector (ammeter). We consider the cou-
plings between the detector degrees of freedom and the
system, Hˆint = −
~
e χˆIˆ −
∑
a ~γˆana·Jˆ. Here γˆa ≡ λaQˆa/~
are proportional to operators of charge in the capacitors
of the corresponding spin current detectors, and χˆ is the
degree of freedom of the charge detector. The FCS is
defined as a kernel that relates the initial density ma-
trix of all detectors to the final one, that one after the
measurement,
ρf (χ
+, γ+a ;χ
−, γ−a ) =
e−τF (χ
+−χ−,γ+
a
,γ+
a
)ρin(χ
+, γ+a ;χ
−, γ−a ) (1)
The most general result we report here is that this
FCS can be directly expressed in terms of charge count-
ing statistics Fc, provided neither the contact nor the
terminals polarize the electrons transferred. In this case,
3F (χ, {γ+a }, {γ
−
a }) =
1
2
∑
±
Fc(χ± α) (2)
where e±iα are the eigenvalues of the 2× 2 matrix
→∏
a
eiγ
+
a
na·σ
←∏
a
e−iγ
−
a
na·σ . (3)
In this matrix, σ is a pseudovector of 2×2 Pauli matrices,
and
→∏
a
(
←∏
a
) denotes the product ordered with decreasing
(increasing) a.
We arrive to the relation (2) by extending the scatter-
ing theory of FCS. By virtue of (spin) current conserva-
tion, the coupling terms Hˆint can be gauged away and
ascribed to the electron Green functions of the termi-
nal [2, 3]. While for charge counting statistics this gauge
transform is just a multiplication by a phase factor eiχ
the gauge transform generated by a spin detector a in-
volves a unitary matrix in spin space, eiγana·σ. The total
transform is thus the product of these matrices nested in
a proper order. We notice that for the unpolarizing cir-
cuit this transform just commutes with the Hamiltonian.
This enables one to derive the relation (2).
For the case of one or two detectors in series, the eigen-
values e±iα are not affected by the order of matrix multi-
plication in (3) and depend on differences of spin counting
fields γa ≡ γ
+
a − γ
−
a only. This implies that the FCS def-
inition (1) can be readily interpreted in classical terms:
it is a generating function for probability distribution of
a certain number of spin counts Sa in each detector,
P ({Sa}) =
∫ ∏
a
dγae
−τF (0,{γa})e−i
∑
a
Saγa (4)
For a single detector, the spin FCS is very simple: it
corresponds to independent transfer of two sorts of elec-
trons, with spins ”up” and ”down” with respect to quan-
tization axis. The (higher-order) cumulants of the spin
(charge) transferred are given by (higher-order) deriva-
tive of F with respect to γa(χ), at χ = γa = 0. From
this and relation (2) we conclude that all odd cumulants
of spin current are 0 while all even cumulants equal to
even cumulants of the charge transferred.
It is interesting to note that in the case considered one
can provide a ”reasonable alternative” to the consistent
quantum mechanical derivation. One can evaluate FCS
assuming that the probability to measure a certain spin
count in the detector m only depends on the count of the
immediately preceding detector m− 1. This corresponds
to the PP: after each measurement, the wave function
collapses to one of the eigenstates loosing memory about
the previous evolution. We calculate conditional proba-
bility for two detectors and then nest these probabilities
to obtain that the probability distribution for spin counts
is given by Eq. (4), with F determined by Eq. (2) with a
different parameter α, given by
cosα
PP
=
∑
µa=±1
ei
∑
a
µaγa
1
2
K−1∏
a=1
1+µaµa+1na ·na+1
2
. (5)
We note that αPP depends only on the differences γa =
γ+a −γ
−
a . Eq. (5) facilitates the comparison of the results
of two approaches and allows us to pinpoint the quantum
mechanical features missed in PP analysis.
We stress that for the case of one or two spin detectors,
α = αPP , and the approaches give precisely the same
result. Essentially, the result for two detectors can be
understood in terms of the probability to have the same
or opposite spin counts for one electron that passes both
detectors. The probability of having the same counts is
simply P12 = (1 + n1 ·n2)/2. For second order cumu-
lants — noises — one obtains 〈〈S21 〉〉 = 〈〈S
2
2 〉〉 = 〈〈N
2〉〉,
〈〈S1S2〉〉 = n1 ·n2〈〈N
2〉〉, 〈〈N2〉〉 being the charge noise,
i.e. the second cumulant of the number of transferred
particles. The detector feedback is irrelevant, so it is pos-
sible to measure two spin components within the setup
studied.
Let us now consider three spin detectors with arbi-
trary n1,2,3. In this case, the FCS defined by Eq. (2) can-
not be immediately interpreted in terms of probability
distribution Eq. (4). To illustrate this explicitly, let us
consider the change of density matrix upon one electron
passing all detectors. In γa-representation it is given by
ρf (γ
+
a ; γ
−
a ) = cosα ρin(γ
+
a ; γ
−
a ), where α in the case of
three detectors assumes the following form:
cosα = cosαPP − sin γ3 sin γ1 [
cos Γ2 (n1 ·n3 − (n1 ·n2)(n2 ·n3))+sinΓ2(n1 × n2)·n3] ,
cosαPP = cos γ1 cos γ2 cos γ3
− sin γ1 sin γ2 cos γ3n1 ·n2 − sin γ2 sin γ3 cos γ1n2 ·n3+
− sin γ3 sin γ1 cos γ2(n1 ·n2)(n2 ·n3). (6)
where Γ2 ≡ γ
+
2 + γ
−
2 . Thus the multiplication with cosα
corresponds to multiplication with several exp(±iγ),
exp(±iΓ2) and adding the results with some weights.
Let us assume that initial density matrix corresponds to
the state with certain number of counts in each detector.
Since the “number of counts” representation is obtained
from the γa-representation by Fourier transforming with
respect to γ±a , multiplication with exp(±iγa) transforms
diagonal elements of density matrix into diagonal ones;
ρ(Sa, Sa)→ ρ(Sa ± 1, Sa ± 1), and the state with a well-
defined number of counts remains such. However, the
multiplication with exp(±iΓ2) produces non-diagonal el-
ements from diagonal ones; ρ(S2, S2)→ ρ(S2±1, S2∓1).
One readily sees from Eq. (6) that this is disregarded
if one applies PP. This seems OK since non-diagonal
elements do not contribute to probabilities. However,
if another electron passes the second detector, the non-
diagonal elements can be again transformed into diagonal
4ones and do contribute to the probability distribution of
the counts. Thus, the second detector disturbs the cor-
relation of read-outs in the first and third detector. The
actual FCS will depend on the dynamics of the second
detector since its feedback is unavoidable. This feedback
is eventually an Aharonov-Casher effect: the electrons
passing the second detector acquire phase shift ±Γ2, this
corresponds to rotation of their spin by angle Γ2 about
the axis n2. Theoretically, one could prepare the sec-
ond detector in a given state and then observe the de-
pendence of FCS on this state. However, in the present
Letter we would like to describe a more realistic situation
where no special preparation takes place and the degree
of freedom of the second detector just fluctuates follow-
ing its own (dissipative) dynamics. We illustrate the ef-
fect with a simple model of such dynamics: Γ2 exhibits
time-dependent Gaussian fluctuations described by the
following action
Sdet =
1
2
∫
dt
(
(Γ˙2(t))
2τc +
(Γ2(t)− Γ0)
2
4τc〈〈Γ2〉〉2
)
(7)
so that it fluctuates around the averaged value Γ0 with
the variance 〈〈Γ2〉〉 and typical correlation time τc〈〈Γ
2〉〉.
The generating function of the actual FCS results from
the averaging of the Eq. (2) over fluctuations of Γ2,
Z({γa}) =
∫
DΓ(t)e−Sdet−
∫
τ
0
F (α({γa}, Γ2(t)))dt (8)
This allows us to compute the cumulants of spin counts
and compare them with PP expressions given by Eqs. (4),
(6). The difference is in principle noticeable for the sec-
ond order cumulants — noise correlations in the first and
in the third detectors,
〈〈S1S3〉〉=〈〈N
2〉〉
[
C + (n˜1 · n3 − C) e
−〈〈Γ2〉〉/2
]
, (9)
where C ≡ (n1 · n2)(n2 · n3), n˜1 is the vector n1 rotated
about n2 by the angle Γ0, and the first term presents the
PP result.
The second term, as expected, has a typical signa-
ture of interference effects: it is suppressed exponentially
if the variance of the corresponding Aharonov-Casher
phase 〈〈Γ2〉〉 ≫ 1. Since ΦAC is inversely proportional
to ~, this is the classical limit. In this limit, the result
coincides with the PP.
However, if one goes to fourth order cumulants — cor-
relations of noises — one observes big deviations from
PP even in the classical limit. We obtain that
〈〈S21S
2
3〉〉=〈〈S
2
1S
2
3〉〉PP
+ (10)
+
2
3
A
[
〈〈N4〉〉 − 〈〈N2〉〉
]
+ 16
τc
τ
A〈〈N2〉〉2,
where A ≡
[
1− (n1 ·n2)
2
] [
1− (n2 ·n3)
2
]
, and the PP re-
sult is expressed in terms of charge cumulants as
〈〈S21S
2
3〉〉PP
= (1 + 2C2)〈〈N4〉〉+ 2(1− C2)〈〈N2〉〉.
This deviation results from correlations of Γ2 at time
scale τc. To estimate the result, we notice that the charge
cumulants are of the order of τ/τel, τel being the average
time between electron transfers. It is easy to fulfill the
condition τel ≪ τc ≪ τ , and in this case 〈〈S
2
1S
2
3〉〉 is much
bigger than PP result.
In conclusion, we have discussed the full counting
statistics of spin currents measured by the detectors that
provide the minimum back-action to the passing parti-
cles. This FCS can be evaluated quite generally for un-
polarized currents. We compare the actual FCS with the
predictions of Projection Postulate and find an agree-
ment for one and two detectors. However, the FCS of
three detectors in series displays both explicit depen-
dence on dynamics of the second detector and significant
deviations from PP predictions. These deviations can be
observed in second and fourth order cumulants of spin
currents.
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